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MATHEMATICS

DISCRETE MATH
Symbols
x ∈X x is a member of X
{ }, φ The empty (or null) set
S ⊆ T S is a subset of T
S ⊂ T S is a proper subset of T
(a,b) Ordered pair
P(s) Power set of S
(a1, a2, ..., an) n-tuple
A × B Cartesian product of A and B
A ∪ B Union of A and B
A ∩ B Intersection of A and B
∀ x 8QLYHUVDO�TXDOL¿FDWLRQ�IRU�DOO�[��IRU�DQ\�[��IRU��
 each x
∃ \� 8QLTXHQHVV�TXDOL¿FDWLRQ�WKHUH�H[LVWV�\
A binary relation from A to B is a subset of A × B.
Matrix of Relation
If A = {a1, a2, ..., am} and B = {b1, b2, ..., bn`�DUH�¿QLWH�VHWV�
containing m and n elements, respectively, then a relation R 
from A to B can be represented by the m × n matrix 
MR < [mij@��ZKLFK�LV�GH¿QHG�E\�
mij = { 1 if (ai, bj) ∈ R
 0 if (ai, bj) ∉ R}
Directed Graphs, or Digraphs, of Relation
A directed graph, or digraph, consists of a set V of vertices  
(or nodes) together with a set E of ordered pairs of elements  
of V called edges (or arcs). For edge (a, b), the vertex a is 
called the initial vertex and vertex b is called the terminal 
vertex. An edge of form (a, a) is called a loop.
Finite State Machine
$�¿QLWH�VWDWH�PDFKLQH�FRQVLVWV�RI�D�¿QLWH�VHW�RI�VWDWHV�
Si = {s0, s1, ..., sn`�DQG�D�¿QLWH�VHW�RI�LQSXWV�,��DQG�D�WUDQVLWLRQ�
function f that assigns to each state and input pair a new state.
$�VWDWH��RU�WUXWK��WDEOH�FDQ�EH�XVHG�WR�UHSUHVHQW�WKH�¿QLWH�VWDWH�
machine.

Input
State

S0
S1
S2
S3

i0
S0
S2
S3
S0

i1
S1
S2
S3
S3

i2
S2
S3
S3
S3

i3
S3
S3
S3
S3

$QRWKHU�ZD\�WR�UHSUHVHQW�D�¿QLWH�VWDWH�PDFKLQH�LV�WR�XVH�D�VWDWH�
diagram, which is a directed graph with labeled edges.
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S3S1

i2
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i1 i3
i0
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The characteristic of how a function maps one set (X) to 
another set (Y) may be described in terms of being either 
injective, surjective, or bijective.
An injective (one-to-one) relationship exists if, and only if, 
∀ x1, x2 ∈ X, if f (x1) = f (x2), then x1 = x2

A surjective (onto) relationship exists when ∀ y ∈ Y, ∃ x ∈ X 
such that f(x) = y
A bijective relationship is both injective (one-to-one) and 
surjective (onto).

STRAIGHT LINE
The general form of the equation is

Ax + By + C = 0
The standard form of the equation is

y = mx + b,
which is also known as the slope-intercept form.
The point-slope form is  y – y1 = m(x – x1)
*LYHQ�WZR�SRLQWV��VORSH��� m = (y2 – y1)/(x2 – x1)
The angle between lines with slopes m1 and m2 is

α = arctan [(m2 – m1)/(1 + m2·m1)]
Two lines are perpendicular if m1 = –1/m2

The distance between two points is

d y y x x2 1
2

2 1
2

= - + -_ ^i h
QUADRATIC EQUATION

ax2 + bx + c = 0

a
b b ac

2
4Rootsx

2!
= - -=

QUADRIC SURFACE (SPHERE)
The standard form of the equation is 

(x – h)2 + (y – k)2 + (z – m)2 = r2 

with center at (h, k, m).
In a three-dimensional space, the distance between two points 
is

d x x y y z z2 1
2

2 1
2

2 1
2

= - + - + -^ _ ^h i h
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LOGARITHMS
The logarithm of x to the Base b LV�GH¿QHG�E\

logb (x) = c, where bc = x
6SHFLDO�GH¿QLWLRQV�IRU�b = e or b  ����DUH�

ln x, Base = e
log x, Base = 10

7R�FKDQJH�IURP�RQH�%DVH�WR�DQRWKHU�
logb x = (loga x)/(loga b)

e.g., ln x = (log10 x)/(log10 e) = 2.302585 (log10 x)
Identities
 logb b

n = n
 log xc = c log x��xc = antilog (c log x)
 log xy = log x + log y
 logb b  ����ORJ��� ��
 log x/y = log x – log y

ALGEBRA OF COMPLEX NUMBERS
Complex numbers may be designated in rectangular form or 
polar form. In rectangular form, a complex number is written 
in terms of its real and imaginary components.

z = a + jb, where
a = the real component,
b = the imaginary component, and
j = 1-  (some disciplines use i 1= - )

In polar form z = c ∠ θ where
c = ,a b2 2+

ș�  �WDQ–1 (b/a),
a = c cos θ, and
b = c sin θ.
Complex numbers can be added and subtracted in rectangular 
form. If

z1 = a1 + jb1 = c1 (cos θ1 + jsin θ1)
 = c1 ∠ θ1 and
z2 = a2 + jb2 = c2 (cos θ2 + jsin θ2)
 = c2 ∠ θ2, then
z1 + z2 = (a1 + a2) + j (b1 + b2) and
z1 – z2 = (a1 – a2) + j (b1 – b2)

While complex numbers can be multiplied or divided in 
rectangular form, it is more convenient to perform these 
operations in polar form.

z1 × z2 = (c1 × c2) ∠ (θ1 + θ2)
z1/z2 = (c1 /c2) ∠ (θ1 – θ2)

The complex conjugate of a complex number z1 = (a1 + jb1) is 
GH¿QHG�DV�z1* = (a1 – jb1). The product of a complex number 
and its complex conjugate is z1z1* = a1

2 + b1
2.

Polar Coordinate System
x = r cos θ��y = r sin θ��θ = arctan (y/x)
r x jy x y2 2= + = +
x + jy = r (cos θ + j sin θ) = rejθ

[r1(cos θ1 + j sin θ1)][r2(cos θ2 + j sin θ2)] =
 r1r2[cos (θ1 + θ2) + j sin (θ1 + θ2)]
(x + jy)n  = [r (cos θ + j sin θ)]n

 = rn(cos nθ + j sin nθ)

cos sin
cos sin

cos sin
r j
r j

r
r

j
2 2 2

1 1 1

2
1

1 2 1 2
i i

i i
i i i i

+
+

= − + −`
` _ _j

j i i9 C
Euler's Identity
ejθ = cos θ + j sin θ
e−jθ = cos θ – j sin θ

,cos sine e
j

e e
2 2

j j j j

i i= + = -i i i i- -

Roots
If k is any positive integer, any complex number  
(other than zero) has k distinct roots. The k roots of r  
(cos θ + j sin θ) can be found by substituting successively  
n = 0, 1, 2, ..., (k – 1) in the formula

cos sinw r k n k j k n k
360 360k c ci i= + + +c cm m< F

TRIGONOMETRY
7ULJRQRPHWULF�IXQFWLRQV�DUH�GH¿QHG�XVLQJ�D�ULJKW�WULDQJOH�
sin θ = y/r, cos θ = x/r 
tan θ = y/x, cot θ = x/y
csc θ = r/y, sec θ = r/x 

Law of Sines

sin sin sinA
a

B
b

C
c= =

Law of Cosines
a2 = b2 + c2 – 2bc cos A
b2 = a2 + c2 – 2ac cos B
c2 = a2 + b2 – 2ab cos C

Brink, R.W., A First Year of College Mathematics, D. Appleton-Century Co., Inc., Englewood 
Cliffs, NJ, 1937.

y

x

r

θ

θ
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Identities
cos θ = sin (θ + π/2) = −sin (θ − π/2)
sin θ = cos (θ − π/2) = −cos (θ + π/2)
csc θ = 1/sin θ
sec θ = 1/cos θ
tan θ = sin θ/cos θ
cot θ = 1/tan θ
sin2θ + cos2θ = 1
tan2θ + 1 = sec2θ
cot2θ + 1 = csc2θ
sin (α + β) = sin α cos β + cos α sin β
cos (α + β) = cos α cos β – sin α sin β
sin 2α = 2 sin α cos α
cos 2α = cos2α – sin2α = 1 – 2 sin2α = 2 cos2α – 1
tan 2α = (2 tan α)/(1 – tan2α)
cot 2α = (cot2α – 1)/(2 cot α)
tan (α + β) = (tan α + tan β)/(1 – tan α tan β)
cot (α + β) = (cot α cot β – 1)/(cot α + cot β)
sin (α – β) = sin α cos β – cos α sin β
cos (α – β) = cos α cos β + sin α sin β
tan (α – β) = (tan α – tan β)/(1 + tan α tan β)
cot (α – β) = (cot α cot β + 1)/(cot β – cot α)
sin (α/2) = /cos1 2! - a^ h
cos (α/2) = /cos1 2! + a^ h
tan (α/2) = /cos cos1 1! - +a a^ ^h h
cot (α/2) = /cos cos1 1! + -a a^ ^h h
sin α sin β = (1/2)[cos (α – β) – cos (α + β)]
cos α cos β = (1/2)[cos (α – β) + cos (α + β)]
sin α cos β = (1/2)[sin (α + β) + sin (α – β)]
sin α + sin β = 2 sin [(1/2)(α + β)] cos [(1/2)(α – β)]
sin α – sin β = 2 cos [(1/2)(α + β)] sin [(1/2)(α – β)]
cos α + cos β = 2 cos [(1/2)(α + β)] cos [(1/2)(α – β)]
cos α – cos β = – 2 sin [(1/2)(α + β)] sin [(1/2)(α – β)]

MENSURATION OF AREAS AND VOLUMES
Nomenclature
A = total surface area
P = perimeter
V = volume
Parabola

Ellipse
a

b

A = πab

(h, k)
x'

y'

2 /2

1 1/2 1/2 1/4
1/2 1/4 3/6 1/2 1/4 3/6 5/8
1/2 1/4 3/6 5/8 7/10

,

/

P a b

P a b

a b a b
where

2 2

2 2 2 4

2 6 2 8

2 10

approx

#

# # # # #

# # # # f

r

r

m m

m m

m

m

= +

= +

+ +

+ +

+ +

= − +_

_

_

_

^
^
^ ^

^

i

i

i

h
i

h
h

h
h

R

T

S
S
S
SS

V

X

W
W
W
WW

  Gieck, K., and R. Gieck, Engineering Formulas, 6th ed., Gieck Publishing, 1967.
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Circular Segment
Ƈ�

/

/ /

sin

arccos

A r

s r r d r

2

2

2= -

= = -

z z

z

^
^

h
h

8
7

B
A$ .

Circular Sector
Ƈ�

/ /
/

A r sr
s r

2 22= =

=

z

z

Sphere
Ƈ�

/V r d
A r d

4 3
4

3 3

2 2

= =

= =

r r

r r

/6

Parallelogram

cos
cos

sin

P a b

d a b ab
d a b ab
d d a b
A ah ab

2

2
2

2

1
2 2

2
2 2

1
2

2
2 2 2

= +

= +

= + +

+ = +

= =

z

z

z

-

^
^
^

_
^

h
h
h

i
h

If a = b, the parallelogram is a rhombus.

A

s

d

r

Regular Polygon (n equal sides)
Ƈ�

/

/

/

tan

n

n
n

n
P ns

s r

A nsr

2

2 1 2

2 2

2

=

= - = -

=

=

=

z r

i r r

z

^ b

^
^

h l

h
h

;

8

E

B

Prismoid
Ƈ�

/V h A A A6 41 2= + +^ ^h h
Right Circular Cone
Ƈ�

/

: :

V r h
A

r r r h

A A x h

3
side area base area

x b

2

2 2

2 2

=

= +

= + +

=

r

r

_

`

i

j

♦ Gieck, K., and R. Gieck, Engineering Formulas, 6th ed., Gieck Publishing, 1967.
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Case 1. Parabola e� ���
•

(y – k)2 = 2p(x – h); Center at (h, k)
is the standard form of the equation. When h = k = 0,
)RFXV���p/�������'LUHFWUL[��x = –p/2
Case 2. Ellipse e < ��

a

b

A = πab

(h, k)
x'

y'

( ) ( )
; Center at ( , )

a
x h

b
y k

h k12

2

2

2- +
-

=

is the standard form of the equation. When h = k = 0,

(FFHQWULFLW\�� / /e b a c a1 2 2= - =_ i
;b a e1 2= -

)RFXV�����ae, ����'LUHFWUL[��x� ���a/e

♦ Gieck, K., and R. Gieck, Engineering Formulas, 6th ed., Gieck Publishing, 1967.
• Brink, R.W., A First Year of College Mathematics, D. Appleton-Century Co., Inc., 1937.

Right Circular Cylinder
Ƈ�

V r h d h

A r h r
4

2side area end areas

2
2

= =

= + = +

r r

r ^ h
Paraboloid of Revolution

V d h
8
2

= r

CONIC SECTIONS

e = eccentricity = cos θ/(cos φ)
>1RWH��X ′ and Y ′, in the following cases, are translated axes.]
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Case 3. Hyperbola e�!���
•

a
x h

b
y k

12

2

2

2
- -

-
=

^ _h i
; Center at (h, k)

is the standard form of the equation. When h = k = 0,

(FFHQWULFLW\�� / /e b a c a1 2 2= + =_ i
;b a e 12= -

)RFXV�����ae������'LUHFWUL[� x� ���a/e
.

Case 4. Circle e = ��
 (x – h)2 + (y – k)2 = r2��&HQWHU�DW��h, k) is the standard 
form of the equation with radius

r x h y k2 2
= - + -^ _h i

•

k

h

Length of the tangent line from a point on a circle to a point 
(x′,y′)��

t2 = (x′ – h)2 + (y′ – k)2 – r2

•

• Brink, R.W., A First Year of College Mathematics, D. Appleton-Century Co., Inc., 1937.

Conic Section Equation
The general form of the conic section equation is

Ax2 + Bxy + Cy2 + Dx + Ey + F = 0
where not both A and C are zero.
If B2 – 4AC < 0, an ellipse LV�GH¿QHG�
If B2 – 4AC > 0, a hyperbola LV�GH¿QHG�
If B2 – 4AC = 0, the conic is a parabola.
If A = C and B = 0, a circle LV�GH¿QHG�
If A = B = C = 0, a straight line LV�GH¿QHG�

x2 + y2 + 2ax + 2by + c = 0
is the normal form of the conic section equation, if that conic 
section has a principal axis parallel to a coordinate axis.
h = –a��k = –b
r a b c2 2= + -

If a2 + b2 – c is positive, a circle, center (–a, –b).
If a2 + b2 – c equals zero, a point at (–a, –b).
If a2 + b2 – c is negative, locus is imaginary.

DIFFERENTIAL CALCULUS
The Derivative
For any function y = f (x),
the derivative = Dx y = dy/dx = y′

/

/

f x

y y x

f x x f x x

y

limit

limit

the slope of the curve ( ) .

x

x

0

0

=

= + -

=

D D

D D

"

"

D

D

l

l

_ ^
^ ^ ^
i h

h h h
8
7

B
A$ .

Test for a Maximum
y = f (x) is a maximum for
x = a, if f ′(a) = 0 and f ″(a) < 0.

Test for a Minimum
y = f (x) is a minimum for
x = a, if f ′(a) = 0 and f ″(a) > 0.

7HVW�IRU�D�3RLQW�RI�,QÀHFWLRQ
y = f (x��KDV�D�SRLQW�RI�LQÀHFWLRQ�DW�x = a,
if f ″(a) = 0, and
if f ″(x) changes sign as x increases through
x = a.

The Partial Derivative
In a function of two independent variables x and y, a 
derivative with respect to one of the variables may be found 
if the other variable is assumed to remain constant. If y is kept 
¿[HG, the function

z = f (x, y)
becomes a function of the single variable x, and its derivative 
(if it exists) can be found. This derivative is called the partial 
derivative of z with respect to x. The partial derivative with 
respect to x LV�GHQRWHG�DV�IROORZV�

,
x
z

x
f x y

2
2

2
2

=
_ i
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INTEGRAL CALCULUS
7KH�GH¿QLWH�LQWHJUDO�LV�GH¿QHG�DV�

f x x f x dxlimit
n i

n
i i a

b

1
=D

" 3 =
_ ^i h! #

Also, ∆xi →0 for all i.

A table of derivatives and integrals is available in the 
'HULYDWLYHV�DQG�,QGH¿QLWH�,QWHJUDOV�VHFWLRQ��7KH�LQWHJUDO�
equations can be used along with the following methods of 
LQWHJUDWLRQ�
A. Integration by Parts (integral equation #6),
B. Integration by Substitution, and
C. Separation of Rational Fractions into Partial Fractions.

♦ Wade, Thomas L., Calculus, Ginn & Company/Simon & Schuster Publishers, 1953.

The Curvature of Any Curve
♦

 

The curvature K of a curve at P is the limit of its average 
curvature for the arc PQ as Q approaches P. This is also 
H[SUHVVHG�DV��WKH�FXUYDWXUH�RI�D�FXUYH�DW�D�JLYHQ�SRLQW�LV�WKH�
rate-of-change of its inclination with respect to its arc length.

K s ds
dlimit

s 0
= =a a

D
D

"D

Curvature in Rectangular Coordinates

K
y

y

1 2 3 2
=

+ l

m

_ i9 C
When it may be easier to differentiate the function with
respect to y rather than x, the notation x′ will be used for the
derivative.

/x dx dy

K
x

x

1 2 3 2

=

=
+

-

l

l

m

^ h8 B
The Radius of Curvature
The radius of curvature R DW�DQ\�SRLQW�RQ�D�FXUYH�LV�GH¿QHG�DV�
the absolute value of the reciprocal of the curvature K at that 
point.

R K K

R y
y

y

1 0

1
0

2 3 2

!

!

=

=
+
m

l
m

^
_ _

h
i i9 C

L'Hospital's Rule (L'Hôpital's Rule)
If the fractional function f(x)/g(x) assumes one of the 
indeterminate forms 0/0 or ∞/∞ (where α LV�¿QLWH�RU�LQ¿QLWH���
then

/f x g xlimit
x " a

^ ^h h
LV�HTXDO�WR�WKH�¿UVW�RI�WKH�H[SUHVVLRQV

, ,
g x
f x

g x
f x

g x
f xlimit limit limit

x x x" " "a a al
l

m
m

n
n

^
^

^
^

^
^

h
h

h
h

h
h

ZKLFK�LV�QRW�LQGHWHUPLQDWH��SURYLGHG�VXFK�¿UVW�LQGLFDWHG
limit exists.
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DERIVATIVES AND INDEFINITE INTEGRALS
In these formulas, u, v, and w represent functions of x. Also, a, c, and n represent constants. All arguments of the trigonometric 
IXQFWLRQV�DUH�LQ�UDGLDQV��$�FRQVWDQW�RI�LQWHJUDWLRQ�VKRXOG�EH�DGGHG�WR�WKH�LQWHJUDOV��7R�DYRLG�WHUPLQRORJ\�GLI¿FXOW\��WKH�
IROORZLQJ�GH¿QLWLRQV�DUH�IROORZHG��DUFVLQ�u = sin–1 u, (sin u)–1 = 1/sin u.
1. dc/dx = 0
2. dx/dx = 1
3. d(cu)/dx = c du/dx
4. d(u + v – w)/dx = du/dx + dv/dx – dw/dx
5. d(uv)/dx = u dv/dx + v du/dx
6. d(uvw)/dx = uv dw/dx + uw dv/dx + vw du/dx

7. / / /
dx

d u v
v

v du dx u dv dx
2= -^ h

8. d(un)/dx = nun–1 du/dx
9. d[f (u)]/dx = {d[f (u)]/du} du/dx
10. du/dx = 1/(dx/du)

11. 
log

logdx
d u

e u dx
du1a

a=
_ _i i

12. dx
d u

u dx
du1 1n =

^ h

13. dx
d a a a dx

du1n
u

u=
_ ^i h

14. d(eu)/dx = eu du/dx
15. d(uv)/dx = vuv–1 du/dx + (ln u) uv dv/dx
16. d(sin u)/dx = cos u du/dx
17. d(cos u)/dx = –sin u du/dx
18. d(tan u)/dx = sec2u du/dx
19. d(cot u)/dx = –csc2u du/dx
20. d(sec u)/dx = sec u tan u du/dx
21. d(csc u)/dx = –csc u cot u du/dx

22. / /sin sindx
d u

u dx
du u

1
1 2 2

1

2
1# #=

-
- r r

-
-_ _i i

23. cos cosdx
d u

u dx
du u

1
1 0

1

2
1# #=-

-
r

-
-_ _i i

24. / < < /tan tandx
d u

u dx
du u

1
1 2 2

1

2
1=

+
- r r

-
-_ _i i

25. < <cot cotdx
d u

u dx
du u

1
1 0

1

2
1=-

+
r

-
-_ _i i

26. 

27. 

< < / < /

sec

sec sec

dx
d u

u u dx
du

u u

1
1

0 2 2

1

2

1 1#

=
-

- -r r r

-

- -

_
_ _
i

i i

< / < /

csc

csc csc

dx
d u

u u dx
du

u u

1
1

0 2 2

1

2

1 1# #

=-
-

- -r r r

-

- -

_
_ _
i

i i

1. # d f (x) = f (x)
2. # dx = x
3. # a f(x) dx = a # f(x) dx
4. # [u(x) ± v(x)] dx = # u(x) dx ± # v(x) dx

5. x dx m
x m1 1m m 1

!=
+

-
+ ^ h#

6. # u(x) dv(x) = u(x) v(x) – # v (x) du(x)

7. ax b
dx

a ax b1 1n
+
= +#

8. 
x
dx x2=#

9. a dx a
a
1n

x x
=#

10. # sin x dx = – cos x
11. # cos x dx = sin x

12. sin sinxdx x x
2 4

22 = -#

13. cos sinxdx x x
2 4

22 = +#

14. # x sin x dx = sin x – x cos x
15. # x cos x dx = cos x + x sin x
16. # sin x cos x dx = (sin2x)/2
17. 

18. # tan x dx = –lncos x= ln sec x
19. # cot x dx = –ln csc x = ln sin x
20. # tan2x dx = tan x – x
21. # cot2x dx = –cot x – x
22. # eax dx = (1/a) eax

23. # xeax dx = (eax/a2)(ax – 1)
24. # ln x dx = x [ln (x) – 1]  (x > 0)

25. tan
a x
dx

a a
x a1 02 2

1 !
+

= - ^ h#

26. , > , >tan
ax c
dx

ac
x c

a a c1 0 02
1

+
= - b ^l h#

27a. 

27b.

27c. ,
ax bx c

dx
ax b b ac2
2 4 02

2

+ +
=-

+
- =_ i#

sin cos cos cosax bx dx
a b
a b x

a b
a b x a b

2 2
2 2!=-

-
- -

+
+^̂ ^̂ _hh hh i#

>

tan
ax bx c

dx
ac b ac b

ax b

ac b

4
2

4
2

4 0

2 2
1

2

2

+ +
=

- -
+

-

-

_ i
#

>

ax bx c
dx

b ac ax b b ac
ax b b ac

b ac

4
1 1

2 4
2 4

4 0

n2 2 2

2

2

+ +
=

- + + -

+ - -
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Properties of Series

;

/

c nc c

cx c x

x y z x y z

x n n 2

constant
i

n

i
i

n
i

i

n

i i i
i

n
i

i

n
i

i

n
i

i

n

x

n

1

1 1

1 1 1 1

1

2

= =

=

+ - = + -

= +

=

= =

= = = =

=

_
_

i
i

!

! !

! ! ! !

!

Power Series

a x ai i
i

0 -3
= ^ h!

1. A power series, which is convergent in the interval  
–R < x���5��GH¿QHV�D�IXQFWLRQ�RI�x that is continuous for 
all values of x within the interval and is said to represent 
the function in that interval.

2. A power series may be differentiated term by term within 
its interval of convergence. The resulting series has the 
same interval of convergence as the original series  
(except possibly at the end points of the series).

3. A power series may be integrated term by term provided 
the limits of integration are within the interval of 
convergence of the series.

4. Two power series may be added, subtracted, or multiplied, 
and the resulting series in each case is convergent, at least, 
in the interval common to the two series.

5. Using the process of long division (as for polynomials), 
two power series may be divided one by the other within 
their common interval of convergence.

Taylor's Series

! !

... ! ...

f x f a f a x a f a x a

n
f a x a

1 2
n

n

2
= + - + -

+ + - +

l m^ ^ ^ ^ ^ ^
^ ^^

h h h h h h
h hh

is called Taylor's series, and the function f (x) is said to be 
expanded about the point a in a Taylor's series.

If a = 0, the Taylor's series equation becomes a Maclaurin's 
series.

DIFFERENTIAL EQUATIONS
A common class of ordinary linear differential equations is

b
dx

d y x b dx
dy x b y x f xn n

n

1 0f+ + + =
^ ^ ^ ^h h h h

where bn, … , bi, … , b1, b0 are constants.
When the equation is a homogeneous differential equation, 
f(x) = 0, the solution is

y x Ce C e Ce C eh
r x r x

i
r x

n
r x

1 2
i n1 2 f f= + + + + +^ h

where rn is the nth distinct root of the characteristic
polynomial P(x) with

P(r) = bnr
n + bn–1r

n–1 + … + b1r + b0

CENTROIDS AND MOMENTS OF INERTIA
The location of the centroid of an area, bounded by the axes 
and the function y = f(x), can be found by integration.

x A
xdA

y A
ydA

A f x dx

dA f x dx g y dy

c

c

=

=

=

= =

^
^ _
h
h i

#

#

#

The ¿UVW�PRPHQW�RI�DUHD�with respect to the y-axis and the  
x�D[LV��UHVSHFWLYHO\��DUH�

My = ∫x dA = xc A
Mx = ∫y dA = yc A

The moment of inertia (second moment of area) with respect 
to the y-axis and the x�D[LV��UHVSHFWLYHO\��DUH�

Iy = ∫x2 dA
Ix = ∫y2 dA

The moment of inertia taken with respect to an axis passing 
through the area's centroid is the centroidal moment of inertia. 
The parallel axis theorem for the moment of inertia with 
respect to another axis parallel with and located d units from 
the centroidal axis is expressed by

Iparallel axis = Ic + Ad2

In a plane, J =∫r 2dA = Ix + Iy

PROGRESSIONS AND SERIES
Arithmetic Progression
7R�GHWHUPLQH�ZKHWKHU�D�JLYHQ�¿QLWH�VHTXHQFH�RI�QXPEHUV�LV
an arithmetic progression, subtract each number from the
following number. If the differences are equal, the series is
arithmetic.
��� 7KH�¿UVW�WHUP�LV�a.
2. The common difference is d.
3. The number of terms is n.
4. The last or nth term is l.
5. The sum of n terms is S.
 l = a + (n – 1)d
 S = n(a + l)/2 = n [2a + (n – 1) d]/2
Geometric Progression
7R�GHWHUPLQH�ZKHWKHU�D�JLYHQ�¿QLWH�VHTXHQFH�LV�D�JHRPHWULF
SURJUHVVLRQ��*�3����GLYLGH�HDFK�QXPEHU�DIWHU�WKH�¿UVW�E\�WKH
preceding number. If the quotients are equal, the series is
JHRPHWULF�
��� 7KH�¿UVW�WHUP�LV�a.
2. The common ratio is r.
3. The number of terms is n.
4. The last or nth term is l.
5. The sum of n terms is S.
 l = arn−1

 S = a (1 – rn)/(1 – r���r ≠1
 S = (a – rl)/(1 – r���r ≠1
 limit Sn= a/(1 − r)��r < 1
 n→∞

A G.P. converges if |r| < 1 and it diverges if |r| > 1.
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If the root r1 = r2, then C2e
r2 

x is replaced with C2xer1x.

Higher orders of multiplicity imply higher powers of x. The 
complete solution for the differential equation is

y(x) = yh(x) + yp(x),
where yp(x) is any particular solution with f(x) present. If f(x) 
has ern x terms, then resonance is manifested. Furthermore, 
VSHFL¿F�f(x��IRUPV�UHVXOW�LQ�VSHFL¿F�yp(x) forms, some of 
ZKLFK�DUH�

f(x)  yp(x)
A  B
Aeαx

  Beαx, α ≠rn

A1 sin ωx + A2 cos ωx  B1 sin ωx + B2 cos ωx

If the independent variable is time t, then transient dynamic 
solutions are implied.

First-Order Linear Homogeneous Differential Equations 
ZLWK�&RQVWDQW�&RHI¿FLHQWV
 y′+ ay = 0, where a LV�D�UHDO�FRQVWDQW�
 Solution, y = Ce–at

where C  �D�FRQVWDQW�WKDW�VDWLV¿HV�WKH�LQLWLDO�FRQGLWLRQV�

First-Order Linear Nonhomogeneous Differential 
Equations

<
>dt

dy y Kx t x t A t
B t

y KA

0
0

0

+ = =

=

x ^ ^
^

h h
h

) 3

τ is the time constant
K is the gain
The solution is

expy t KA KB KA t

t
KB y
KB KA

1

1

or

n

= + - - -

=
-
-

x

x

^ ] bch g lm
< F

Second-Order Linear Homogeneous Differential Equations 
ZLWK�&RQVWDQW�&RHI¿FLHQWV
An equation of the form

y″+ ay′+ by = 0
FDQ�EH�VROYHG�E\�WKH�PHWKRG�RI�XQGHWHUPLQHG�FRHI¿FLHQWV�
where a solution of the form y = Cerx is sought. Substitution of 
this solution gives

(r2 + ar + b) Cerx = 0
and since Cerx cannot be zero, the characteristic equation must 
vanish or

r2 + ar + b = 0
The roots of the characteristic equation are

r a a b
2

4
,1 2

2!
= - -

and can be real and distinct for a2 > 4b, real and equal for  
a2 = 4b, and complex for a2 < 4b.

If a2 > 4b, the solution is of the form (overdamped)
y = C1e

r1x + C2e
r2 x

If a2 = 4b, the solution is of the form (critically damped)

y = (C1+ C2x)er1x

If a2 < 4b, the solution is of the form (underdamped)
y = eαx (C1 cos βx + C2 sin βx), where
α= – a/2

b a
2

4 2
= -b

FOURIER TRANSFORM
The Fourier transform pair, one form of which is

/

F f t e dt

f t F e d1 2

j t

j t

=

=

~

r ~ ~

3

3

3

3

-
-

-

~

~

^ ^
^ ^ ^
h h
h h h7 A

#

#

can be used to characterize a broad class of signal models 
in terms of their frequency or spectral content. Some useful 
WUDQVIRUP�SDLUV�DUH�

f(t) F(ω)
td^ h 1

u(t) /j1+rd ~ ~^ h
u t u t r t

2 2 rect+ - - =x x
xb bl l  /

/sin
2
2x

~x
~x^ h

e j to~  2 o-rd ~ ~_ i

Some mathematical liberties are required to obtain the second 
and fourth form. Other Fourier transforms are derivable from 
the Laplace transform by replacing s with jω provided

, <

<

f t t

f t dt

0 0

0 3

=
3

^
^
h
h#

FOURIER SERIES
Every periodic function f(t) which has the period T = 2π/ω0 
and has certain continuity conditions can be represented by a 
series plus a constant

cos sinf t a a n t b n tn n
n

0 0 0
1

= + +~ ~
3

=

^ _ _h i i8 B!

The above holds if f(t) has a continuous derivative f ƍ�t) for  
all t. It should be noted that the various sinusoids present in 
the series are orthogonal on the interval 0 to T and as a result 
WKH�FRHI¿FLHQWV�DUH�JLYHQ�E\

, ,

, ,

cos

sin

a T f t dt

a T f t n t dt n

b T f t n t dt n

1

2 1 2

2 1 2

T

n
T

n
T

0

0

0

f

f

~

~

=

= =

= =

0

0

0

_ ^
_ ^ _
_ ^ _

i h
i h i
i h i

#

#

#

The constants an and bn are the )RXULHU�FRHI¿FLHQWV�of f(t) for 
the interval 0 to T and the corresponding series is called the 
Fourier series of f(t) over the same interval.
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*LYHQ�
f3(t) = a train of impulses with weights A

t
2TTT 0 3T

then

cos

t A t nT

t A T A T n t

t A T e

2

n

n

jn t

n

3

3 0
1

3
0

f

f

f

= -
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3
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The Fourier Transform and its Inverse

X f x t e dt

x t X f e df

j ft

j ft

2

2

=

=

3

3

3

3

-

+ -

-

+

r

r

_ ^
^ _
i h
h i

#

#

We say that x(t) and X(f) form a Fourier transform pair�
x(t) ↔ X(f)

The integrals have the same value when evaluated over any 
interval of length T.
If a Fourier series representing a periodic function is truncated 
after term n = N the mean square value FN

2  of the truncated 
series is given by Parseval's relation. This relation says that 
the mean-square value is the sum of the mean-square values of 
the Fourier components, or

F a b1 2N n n
n

N2
0
2 2 2

1
a= + +

=
_ `i j!

DQG�WKH�506�YDOXH�LV�WKHQ�GH¿QHG�WR�EH�WKH�VTXDUH�URRW�RI�WKLV�
quantity or FN.
7KUHH�XVHIXO�DQG�FRPPRQ�)RXULHU�VHULHV�IRUPV�DUH�GH¿QHG
in terms of the following graphs (with ω0 = 2π/T).
*LYHQ�

t

T

f  (t)
1

V0

V0

2
T

2
T
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then

cost V n n t1 4
n

n

1 1

1 2

0 0

n odd

f = - r ~
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*LYHQ�
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V0
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V
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Fourier Transform Pairs 
x(t) X(f)

1 ( )fį

( )tį 1

)(tu
1 1( )
2 2

f
j f

į������+
ʌ

( / )tȆ Ĳ Ĳ�VinF��τ f )

Vinc( )Bt
1 ( / )f B
B
Ȇ

( / )tȁ Ĳ

( )ate u tí 1 ����� 0
2

a
a j f

>
+ ʌ

)(tute atí
2

1 ����� 0
( 2 )

a
a j f

>
+ ʌ

taeí
2 2

2 ����� 0
(2 )
a a

a f
>

+ ʌ

2)(ateí
2( / )f ae

a
í ʌʌ

0coV(2 )f tʌ + ș 0 0
1 [ ( ) ( )]
2

j je f f e f fș í șį í + į +

0VLQ(2 )f tʌ + ș 0 0
1 [ ( ) ( )]
2

j je f f e f f
j

ș í șį í í į +

( )
n

s
n

t nT
=+�

=í�
į í� 1( )�����

k

s s s
sk

f f kf f
T

=+�

=í�
į í =�

 

Ĳ�Vinc2��τ f )

Fourier Transform Theorems 

Linearity ( ) ( )ax t by t+  ( ) ( )aX f bY f+

Scale change ( )x at
1 fX
a a

Time reversal ( )x tí  ( )X fí

Duality ( )X t  ( )x fí

Time shift 0( )x t tí 02( ) j ftX f eí ʌ

Frequency shift 02( ) j f tx t e ʌ
0( )X f fí

Modulation 0( )cos 2x t f tʌ

0

0

1 ( )
2

1 ( )
2

X f f

X f f

í

+ +

Multiplication ( ) ( )x t y t  ( ) ( )X f Y f

Convolution ( )x(t) y t  ( ) ( )X f Y f

Differentiation n

n

dt

txd )(
( 2 ) ( )nj f X fʌ

Integration ( )
t

–
x Ȝ d

�
Ȝ�

1 ( )
2

1 (0) ( )
2

X f
j ʌf

X f+ į
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*

*
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1 2
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1 1
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r
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LAPLACE TRANSFORMS
The unilateral Laplace transform pair

f

where

F s t e dt

f t j F s e dt

s j
2
1

st

j st

r
v ~

=

=

= +

3

3v

-

+

-0

j3v-

^ ^
^ ^
h h
h h
#

#

represents a powerful tool for the transient and frequency 
response of linear time invariant systems. Some useful 
/DSODFH�WUDQVIRUP�SDLUV�DUH��

 )s(F )t(f

į(t�,�Impulse at t = 0 1
u(t), Step at t = 0 1/s
t[u(t)], Ramp at t = 0 1/s2

e–Į t 1/(s + Į )

te–Į t 1 /(s + Į )2

e–Į t sin ȕt ȕ/[(s + Į )2 + ȕ2]

e–Į t cos ȕt (s + Į )/[(s + Į )2 + ȕ2]

( )
n

n

dt
tfd ( ) ( )

td
fdssFs m

mn

m

mnn 01

0

1�í
í

=

íí

( )� ĲĲt df0 (1/s)F(s)

( )� ĲĲí� d)Ĳ(htx0 H(s)X(s)

f (t – Ĳ) u(t ±�Ĳ� e–W sF(s)

( )tf
t �ĺ
limit  ( )ssF

s 0
limit
ĺ

( )tf
t 0

limit
ĺ

( )ssF
s �ĺ
limit

The last two transforms represent the Final Value Theorem 
(F.V.T.) and Initial Value Theorem (I.V.T.), respectively. It is 
assumed that the limits exist.

MATRICES
A matrix is an ordered rectangular array of numbers with 
m rows and n columns. The element aij refers to row i and 
column j.

Multiplication of Two Matrices

column matrix

column matrix

-

-

row, 2

row, 2

-

-

A
A
C
E

B
D
F

A is a 3

B
H
J

I
K B is a 2

3,2

2,2

 

 

R

T

S
S
SS

=

V

X

W
W
WW

G
In order for multiplication to be possible, the number of 
columns in A must equal the number of rows in B.
0XOWLSO\LQJ�PDWUL[�%�E\�PDWUL[�$�RFFXUV�DV�IROORZV�

C
A
C
E

B
D
F

H
J

I
K

C
A H B J
C H D J
E H F J

A I B K
C I D K
E I F K

:

: :
: :
: :

: :
: :
: :

=

=
+
+
+

+
+
+

___
___

iii
iii

R

T

S
S
SS
R

T

S
S
SS

=
V

X

W
W
WW

V

X

W
W
WW

G

Matrix multiplication is not commutative.
Addition
A
D

B
E

C
F

G
J
H
K

I
L

A G
D J

B H
E K

C I
F L+ =

+
+

+
+

+
+

= = >G G H 
Identity Matrix
The matrix I = (aij) is a square n × n matrix with 1's on the 
diagonal and 0's everywhere else.
Matrix Transpose
Rows become columns. Columns become rows.

A
A
D

B
E

C
F A

A
B
C

D
E
F

T= =

R

T

S
S
SS

=
V

X

W
W
WW

G
Inverse [ ]–1 
The inverse B of a square n × n matrix A is

whereB A
A
A ,adj1

= =
- ^ h

adj(A) = adjoint of A (obtained by replacing AT elements with 
their cofactors) and A = determinant of A. 
[A][A]–1 = [A]–1[A] = [I] where I is the identity matrix.
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The dot product is a scalar product and represents the 
projection of B onto A times A . It is given by

A•B = axbx + ayby + azbz

cosA B B A:= =i

The cross product is a vector product of magnitude  
B  A  sin θ which is perpendicular to the plane containing  

A and B. The product is

A B
i j k

B Aa
b

a
b

a
b

x

x

y

y

z

z

# #= =-

The sense of A × B is determined by the right-hand rule.
 A × B = A B n sin θ, where
n = unit vector perpendicular to the plane of A and B.

Gradient, Divergence, and Curl

i j k

V i j k i j k

V i j k i j k

x y z

x y z V V V

x y z V V V

1 2 3

1 2 3

: :

# #

d
2
2

2
2

2
2

d
2
2

2
2

2
2

d
2
2

2
2

2
2

= + +

= + + + +

= + + + +

z zc
c _
c _

m
m i
m i

The Laplacian of a scalar function φ is

x y z
2

2

2

2

2

2

2
d

2
2

2
2

2
2

= + +z z z z

Identities
A • B = B • A��A • (B + C) = A • B + A • C
A • A = |A|2
i • i = j • j = k • k = 1
i • j = j • k = k • i = 0
If A • B = 0, then either A = 0, B = 0, or A is perpendicular 
to B.
A × B = –B × A
A × (B + C) = (A × B) + (A × C)
(B + C) × A = (B × A) + (C × A)
i × i = j × j = k × k = 0
i × j = k = –j × i��j × k = i = –k × j
k × i = j = –i × k
If A × B = 0, then either A = 0, B = 0, or A is parallel to B.

A
A A A

0
0

2

2

: :

#

: #

# # :

d d d d d

d d

d d

d d d d d

= =

=

=

= -

z z z

z

^ ]
^
^ ]

h g
h
h g

DETERMINANTS
A determinant of order n consists of n2 numbers, called the 
elements of the determinant, arranged in n rows and n columns 
and enclosed by two vertical lines.
In any determinant, the minor of a given element is the 
determinant that remains after all of the elements are struck 
out that lie in the same row and in the same column as the 
given element. Consider an element which lies in the jth 
column and the ith row. The cofactor of this element is the 
value of the minor of the element (if i + j is even), and it is  
the negative of the value of the minor of the element  
(if i + j is odd).

If n is greater than 1, the value of a determinant of order n is 
the sum of the n products formed by multiplying each element 
RI�VRPH�VSHFL¿HG�URZ��RU�FROXPQ��E\�LWV�FRIDFWRU��7KLV�VXP�
is called the expansion of the determinant [according to the 
HOHPHQWV�RI�WKH�VSHFL¿HG�URZ��RU�FROXPQ�@��)RU�D�VHFRQG�RUGHU�
GHWHUPLQDQW�
aa
bb ab a b1 2

1 2
1 2 2 1= -

)RU�D�WKLUG�RUGHU�GHWHUPLQDQW�
a
b
c

a
b
c

a
b
c

ab c a b c a b c a b c a b c ab c
1

1

1

2

2

2

3

3

3

1 2 3 2 3 1 3 1 2 3 2 1 2 1 3 1 3 2= + + - - -

VECTORS

 A = axi + ayj + azk

Addition and subtraction:
A + B = (ax + bx)i + (ay + by)j + (az + bz)k
A – B = (ax – bx)i + (ay – by)j + (az – bz)k
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DIFFERENCE EQUATIONS
Any system whose input v(t) and output y(t��DUH�GH¿QHG�RQO\�
at the equally spaced intervals

'f t y t t
y y
1

1

i i

i i= = −
−

+

+^ h
can be described by a difference equation.

First-Order Linear Difference Equation

'
t t t
y y y t

1

1

i i

i i

D

D

= −
= +
+

+ _ i
NUMERICAL METHODS
Newton's Method for Root Extraction
Given a function f(x) which has a simple root of f(x) = 0 at  
x = a DQ�LPSRUWDQW�FRPSXWDWLRQDO�WDVN�ZRXOG�EH�WR�¿QG�WKDW�
root. If f(x) KDV�D�FRQWLQXRXV�¿UVW�GHULYDWLYH�WKHQ�WKH� 
(j +1)st estimate of the root is

a a

dx
df x
f x

x a

j j

j

1 = -

=

+ ^
^
h
h

The initial estimate of the root a0 must be near enough to the 
actual root to cause the algorithm to converge to the root.
Newton's Method of Minimization
Given a scalar value function

h(x) = h(x1, x2, …, xn)
¿QG�D�YHFWRU�x*∈Rn such that

h(x*) ≤ h(x) for all x
Newton's algorithm is

,x x
x x x x

x
h

x
h

x
h

x
h

x
h

x
h

x
h

x
h

x x
h

x x
h

x x
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x
h

x x
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x x
h

x x
h

x
h

where
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k k

k k

n

n

n

n n n
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1

2
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1 2
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1 2
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2
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2

2
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2

2

2

2

2

2
2

2
2

2
2

2
2

2
2

g

g

2
2

2
2

2
2

2 2
2 g g

2 2
2

2 2
2

2
2 g g

2 2
2

g g g g g

g g g g g

2 2
2

2 2
2 g g

2
2

= -

= =

=

=

+

-J

L

K
K
KK

N

P

O
O
OO

R

T

S
S
S
S
S
S
S
S
S
SS

R

T

S
S
S
S
S
S
S
S
S
S
S
S

V

X

W
W
W
W
W
W
W
W
W
WW

V

X

W
W
W
W
W
W
W
W
W
W
W
WW

Numerical Integration
Three of the more common numerical integration algorithms 
used to evaluate the integral

f x dxa
b ^ h#

DUH�
Euler's or Forward Rectangular Rule
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Trapezoidal Rule
for n = 1
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Simpson's Rule/Parabolic Rule (n must be an even integer)
for n = 2
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for n ≥ 4
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with ∆x = (b – a)/n
n = number of intervals between data points

Numerical Solution of Ordinary Differential Equations
Euler's Approximation
Given a differential equation

dx/dt = f (x, t) with x(0) = xo

At some general time k∆t
x[(k + 1)∆t] ≅ x(k∆t) + ∆tf [x(k∆t), k∆t]

which can be used with starting condition xo to solve 
recursively for x(∆t), x(2∆t), …, x(n∆t).
The method can be extended to nth order differential equations 
by recasting them as n ¿UVW�RUGHU�HTXDWLRQV�
In particular, when dx/dt = f (x)

x[(k + 1)∆t] ≅ x(k∆t) + ∆tf [x(k∆t)]
which can be expressed as the recursive equation

xk + 1 = xk + ∆t (dxk/dt)
 xk + 1 = x + ∆t [f(x(k), t(k))]


